Most plasmas have a very thin sheath compared with the plasma dimension. This necessitates separate calculations of the plasma and sheath. The Bohm criterion provides the boundary condition for calculation of plasma profiles. To calculate sheath properties a value of electric field at the plasma-sheath interface has to be specified in addition to the Bohm criterion. The value of the boundary electric field and robust procedure to approximately patch plasma and collisionless sheath with a very good accuracy are reported.
I. Introduction
The calculation of plasma profiles is nowadays a routine task. In most plasmas employed in applications the Debye length λ D is small compared with the plasma half width L. Resolving the small Debye length throughout the whole plasma requires solving Poisson equation, which is challenging computationally because the electric field has to be obtained from small differences between the electron and ion densities. To avoid the inconvenience, the standard procedure is to separate the plasma and sheath regions, and to employ the quasineutrality condition in the plasma region instead of Poisson's equation. The Bohm criterion -setting the ion velocity equal to the ion sound velocity -gives the boundary condition for the plasma region and uniquely defines plasma profiles. In contrast to the plasma region, the Bohm criterion is not sufficient for a unique determination of sheath properties.
If the sheath potential is much larger than the electron temperature, it follows from the Boltzmann relation that the electron density in the sheath can be neglected, the plasma sheath boundary can be assumed infinitely thin, and the electric field at the plasma-sheath interface can be set to zero. This approach has been successfully applied for calculating sheath parameters in dc (Child-Langmuir law [1] ) and rf discharges [2, 3, and 4] .
The relevant question is: is it possible to calculate sheath properties with higher accuracy? If all regions with a length of order λ D and a potential drop order the electron temperature T e have to be resolved, an accurate patching between the plasma and the sheath region has to be performed. In general, it requires either a direct numerical solution of Poisson's equation throughout the plasma and sheath regions or applying matched asymptotic approximations, as described in Refs. 5, and 6, and in references there in. Numerical simulation of Poisson's equation for the whole discharge is computationally intensive and inefficient. The utilization of matched asymptotic approximations requires a great deal of mathematical expertise and is not very robust for engineering purposes. Therefore, there were a number of attempts to patch the plasma and sheath approximately.
Poisson's equation is a second order equation, and it requires two boundary conditions: the potential on the wall, and another condition set at the plasma-sheath interface. Because the position of the plasma-sheath interface is unknown a priori, the values of both the potential and the electric field have to be specified. In Refs. 7 and 8 the value
T eλ was proposed for the electric field at the plasma-sheath patching point, where λ Ds is the Debye length corresponding to the plasma density n s at the plasma-sheath interface. This electric field has been utilized as the boundary condition to join the plasma and sheath in discrete plasma-sheath models and was used in the calculations of dc [7] and rf [3] sheaths. This approach has been recently criticized in Ref. 9 , where it was claimed that such a procedure results in "the disjunction between the plasma and sheath". In their response [10] is the ion sound speed, and M is the ion mass. This value agrees with the theory of the transition layer between the plasma and sheath [5, 6] . In addition, it was found that accounting for the small transition region between the plasma and sheath regions, which has a width of order
Ds Ds L λ λ and a potential drop of order
, yields an approximate solution which is very close to the exact solution. These numerical findings verify the theory of the transition layer described in Refs. 5, 6, and 9.
II. Basic equations
We shall employ fluid equations in one dimension in the collisionless approximations. The same notation is used as in Ref. 9 . These equations consist of the continuity equation
the ion momentum conservation equation
and the Boltzmann relation governing electrons density
Here, the subscripts i and e denote ion and electron quantities, respectively, and the subscript 0 corresponds to the central density values at x=0. V is the potential.
The potential is given by Poisson's equation
The boundary conditions for the system of Eqs. (1)- (4) are: at the symmetry axis (
, where w V is the wall potential, see Appendix 1. The ionization frequency Z is an eigenvalue of the system of Eqs. (1)- (4) .
The system of Eqs. (1)- (4) is known to yield results very close to the exact ion kinetic approach [11, 12] . Because of its simplicity, it has been widely employed in theoretical and engineering studies.
In the limit 
Equation (6) has the solution / 2 arctan s xZ c U U = − [5, 13] . Eq. (5) is singular at the point 1 U = , meaning that the plasma can not overcome the ion sound velocity in this solution. Bohm showed that sheath can be patched with the plasma only if i s v c ≥ [14] . Therefore, at the plasma-sheath interface (x=L p ) the Bohm criterion 
III. Patching sheath and plasma
The Poisson equation (4) is a second order equation, therefore, it requires two boundary conditions. One is the value of the potential at the wall w V , and another boundary condition is determined from correct patching with the plasma. Using direct numerical integration of the system of Eqs. 
to within 10% accuracy and is independent on the wall potential. The results of the simulations are gathered in Table 1 (7) and is independent of the wall potential.
Knowing the value of the electric field at the plasmasheath interface, the sheath properties can be determined. Neglecting the increase in the ion flux due to ionization in the bulk of the sheath region enables one to readily integrate Eqs.(1,2), giving
where s V is the potential at the plasma-sheath interface and (1)-(4) (solid lines), and approximate solutions in the sheath using Eq. (9) (dashed line for ion density and dotted line for electron density). Approximate solutions in the sheath with the electric field at the plasma-sheath boundary given by Eq. 
where following the same notation as in Ref. 9 , theses normalized quantities were introduced: . γ is larger than unity, and accounts for the additional ionization in the transition layer and adjacent sheath region, (see appendix II for details). Equation (9) is readily integrated, yielding ion and electron density profiles in the sheath, as shown in Fig.1(a) . Fig.1 shows very good agreement between the exact and approximate sheath solutions, in contrast to the claim of Ref. 9 . In Ref. 9 , zero boundary electric field at the plasma sheath interface was used, thus, producing an oversimplified patching, as described in Ref. 10 . Fig.2 depicts the electric field as a function of the normalized potential (-eV/T e ). This figure is similar to Fig.2 of Ref.9 but instead of patching the plasma solution Eq.(6) and the sheath solution Eq.(9) using 0 s E = , s E given by Eq. (7) was used. Apparently, such a patching of plasma and sheath solutions yields an electric field profile, which is very close to the exact solution, in disagreement with the claim of Ref. The patching of the sheath solution of Eq. (9) with the plasma solution Eqs. (5) and (6) (9) and the exact solution. This "disjunction" between the plasma and sheath clearly indicates the necessity of a special transition layer between plasma and sheath.
IV. Transition layer
The transition layer appears due to a sonic singularity in plasma equations. As shown by Bohm [14] , the sheath electric field can be smoothly patched with the small electric field in the plasma (small compared with the sheath) only if the ion flow velocity at the plasma-sheath boundary is larger or equal to the ion sound velocity. Therefore, a transition through the ion sound velocity should occur in the plasma. It follows from Eqs.(6) that the ion sound velocity can not be exceeded in plasma with a slab geometry, and, therefore, the ion sound velocity must be reached at the boundary between the sheath and plasma regions. The situation is different for non slab geometry. If plasma expands in some kind of plasma nozzle with cross-sectional area A(x). The continuity equations become instead of Eqs. (1) and (2) ( )
and Eq. (6) describing plasma region is modified to
where the electric field 1 ( ln / )
is the difference between the actual electric field and the electric field obtained with the quasineutrality assumption and the Boltzmann relation. From Eq. (12), it is obvious that a transition from subsonic to supersonic flow is possible only if a plasma channel is expanding, for example in cylindrical or spherical geometries. A necessary condition for avoiding the sonic singularity is that right hand of Eq. (12) equals zero where 1 U = . In slab geometry it is only possible if 1 0 E > . Transition through sonic speed in a slab geometry requires ( ln / )
e i E Td N dx > − , i.e., breaking quasineutrality.
Correspondingly, to obtain the mathematical structure of the transition layer one has to solve Poisson 's equation near the sonic point. In the sonic point (
. Series expansion of the ion flux gives
and the ion velocity becomes [making use of Eq.(2)]
yielding the space charge near the sonic point
Expanding the space charge in Eq. (15) 
The same result can be obtained by differentiating the Poisson equation (4) and substituting the ion and electron density derivatives from Eqs. (1)- (3), which readily gives [5] ( )
Equation (17) is exact and describes both plasma and sheath regions. In the limit 
Integrating Eq. (18) 
This scaling Eq.(20) was received in matched solutions in Ref. 5, 6 and 13 . Note that it is necessary to account for the ionization term (last term in Eq. (18), (16) in order to 5 receive a smooth matching of the plasma and sheath solutions [15] . The function ( / )
tr F x x ξ = is obtained from the equation
The boundary condition corresponds to the quasineutral region at 0
The plot of function ( ) F ξ is shown in Fig.3 . As can be seen from Table. 1, the value of electric field in Eq. (7) reduced by a factor 0.907 agrees better with the numerical simulation results at small Debye lengths (see the last two columns). To summarize, the transition region is a distinct region, which can not be attributed to either the sheath or plasma regions. Indeed, though in this region the quasineutrality condition approximately holds (see Fig.1 0.90 0.94 x ≈ ÷ ), the electric field can not be determined from the quasineutrality condition. (see Eq. (16)). From the other side, even though Poisson's equation is used to determine the properties of the transition region, this region is not a sheath if the Bohm concept of the sheath is used: a "region, characterized by negligible electron density" [14] .
V. Conclusion
An approximate procedure to patch sheath and plasma is proposed. The sheath and plasma are patched at the point where the value of the electric field ( ) 
